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We predict wide-band suppression of tunneling of spin-orbit-coupled atoms (or noninteracting
Bose-Einstein condensate) in a double-well potential with periodically varying depths of the potential
wells. The suppression of tunneling is possible for a single state and for superposition of two states,
i.e. for a qbit. By varying spin-orbit coupling one can drastically increase the range of modulation
frequencies in which an atom remains localized in one of the potential wells, the effect connected
with crossing of energy levels. This range of frequencies is limited because temporal modulation
may also excite resonant transitions between lower and upper states in different wells. The resonant
transitions enhance tunneling and are accompanied by pseudo-spin switching. Since the frequencies
of the resonant transitions are independent of potential modulation depth, in contrast to frequencies
at which suppression of tunneling occurs, by varying this depth one can dynamically control both
spatial localization and pseudo-spin of the final state.
PACS numbers: ...
I. INTRODUCTION
Tunneling is a fundamental quantum phenomenon de-
termining principles of operation of the majority of de-
vices utilizing electrons, nucleus, atoms, or molecules.
Therefore control of tunneling is an important task that
continuously attracts considerable attention in diverse ar-
eas of physics. More than two decades ago it was discov-
ered [1] that periodic time modulations of the parameters
of the potential, in which a quantum particle is trapped,
is an efficient tool for control of tunneling that allows
its suppression for certain values of modulation frequen-
cies. Nowadays, the control of tunneling in scalar sys-
tems driven by periodic forces is a well studied topic of
quantum mechanics [2]. Suppression of tunneling was ex-
perimentally observed in optical settings based on waveg-
uides modulated in the direction of light propagation [3]
(see [4] for review).
In recent years, technological advances in manipula-
tion of particles with spin and development of spintron-
ics, brought to light novel problems and perspectives re-
lated to spin-dependent tunneling [5]. Just like tunnel-
ing of different quantum particles, say electrons, atoms,
photons, etc. can be considered in the unified mathe-
matical framework, the tunneling of spinors, for which
either spin or quasi-spin play the role of additional in-
ternal degrees of freedom, allow for general description
irrespectively of their physical nature. Due to this ad-
ditional degree of freedom, tunneling may acquire new
features. Such systems, realized as Bose-Einstein con-
densates (BECs) of mixtures of atomic hyperfine states,
were already studied experimentally [6, 7]. Since double-
well potential is the most common model for studying
tunneling [8], spinor BECs in such potentials received
considerable attention [9].
The idea of simulation of spin-bearing particles by neu-
tral multilevel atoms was further developed after dis-
covery and experimental realization of spin-orbit-coupled
(SOC) cold atoms and BECs [10]. Recently, SOC-
BECs in double-well potentials were addressed by sev-
eral authors with particular emphasis on the dynamics of
Josephson oscillations [11], self-trapping [12], and on the
effects stemming from energy level crossing [13]. How-
ever, possibility of dynamical suppression of tunneling in
SOC-systems have never been studied.
In this work we report on dynamical suppression of
tunneling of a SOC atom (or noninteracting BEC) in a
double-well potential, whose wells exhibit out-of-phase
periodic modulations. SOC has profound effect on tun-
neling dynamics and may lead to considerable increase
of modulation frequency intervals, at which an atom re-
mains trapped in one well. This effect is a counterpart
of the dynamic localization [14] reported for SOC atoms
in [15], and also based on the existence of flat bands
in lattices [16, 17]. Even though SOC-induced energy
crossing can occur only for one out of two pairs of energy
levels, that distinguishes a realistic system from early re-
ported simplified models [13], periodic modulation allows
to achieve crossing of quasi-energies (leading to localiza-
tion) also for other pair of levels. This interplay between
crossing of the levels of a stationary potential and dynam-
ical crossing of Floquet exponents, enables localization of
superposition of states, which can be viewed as a qbit,
in a single potential well. Certain modulation frequen-
cies induce resonant transitions between lower and higher
localized states in different potential wells. These reso-
nances limit the intervals of frequencies at which suppres-
2sion of tunneling occurs. Since by changing the ampli-
tude of modulation the point of crossing of quasi-energies
can be shifted at will, one can observe the phenomenon of
spin flipping occurring when quasi-energy crossing occurs
exactly at the frequency of resonant transition between
lower and upper levels. In this case spin flipping accom-
panies tunneling of an atom between the potential wells.
The paper is organized as follows. In Sec. II we for-
mulate the model and derive four mode approximation.
The dynamical suppression of tunneling and associated
effects are described in Sec. III. In Sec. IV the effect of
weak nonlinearity of the suppression of tunneling is re-
ported. The outcomes are summarized in the concluding
section.
II. THE CONTINUOUS MODEL AND ITS
FOUR MODE APPROXIMATION
We consider a two-level atom described by the spinor
Ψ = (Ψ1,Ψ2)
T , which is trapped in a one-dimensional
double-well potential V (x). The trap is produced by a
sum of two identical potentials V0(x) = V0(−x) located
at x = ±d, i.e., V (x) = V−(x) + V+(x) where V±(x) =
V0(x ∓ d/2) and V0(x) → 0 at |x| → ∞. The tunneling
is controlled by small-amplitude, periodic, out-of-phase
modulation of depths of the potential wells, described by
f sin(ωt)V˜ (x), where V˜ (x) = −V−(x) + V+(x), ω is the
modulation frequency, and f ≪ 1 is the amplitude of
modulation. We denote the strength of SOC as γ and
choose the units in which ~ = m = 1. In this case,
the Hamiltonian of our continuous model takes the form
H = H0 + f sin(ωt)V˜ (x), where
H0 =
p2
2
− γσzp+Ωσx + V (x) (1)
is the unperturbed Hamiltonian of a SOC atom in a
double-well potential, 2Ω is the Zeeman spitting, and
σx,y,z are the Pauli matrices.
It is assumed that each well V0(x), being considered
separately in the presence of SOC, possesses two discrete
eigenstates, whose splitting due to coupling with neigh-
bouring well yields four states |ij〉 (i, j = 1, 2) of the en-
tire stationary double-well potential: H0|ij〉 = εij |ij〉. In
each state the first index i = 1, 2 refers to the lower/upper
pair of levels, while the second index j = 1, 2 refers to
the lower/upper levels in each pair. According to this
nomenclature ε11 < ε12 < ε21 < ε22 < 0.
The unperturbed Hamiltoninan H0 obeys three sym-
metries: αˆ1 = PT , αˆ2 = σxT , and αˆ3 = σxP with
P and T being space and time reversal operators. The
operators αˆ1,2,3 together with the identity operator con-
stitute a Klein four-group characterized by the properties
αˆnαˆn = 1 and αˆmαˆn = αˆk. Thus, the eigenstates |ij〉 can
be chosen to obey all αˆ’s symmetries, i.e., αˆn|ij〉 = |ij〉
for n = 1, 2, 3. Namely these states are considered be-
low. Using the symmetry properties one can prove that
the average x−component of the spin is the only nonzero
FIG. 1. The shape of the double-well potential and localized
modes (indicated in top and bottom panels) at γ = 0.8. The
energy levels corresponding to different modes are indicated
by dashed lines in the panel with potential. Subscripts ”r”
and ”i” stand for the real and imaginary parts of the respec-
tive functions.
component for all eigenstates, i.e. 〈ij|σx|ij〉 6= 0 and
〈ij|σy,z|ij〉 = 0.
Next we introduce a new orthonormal basis |i±〉 =
1√
2
(|i1〉 ± |i2〉), whose functions are localized in the left
(”−”) or in the right (”+”) potential wells (see Fig. 1).
The modes in Fig. 1 are calculated for the potential with
V0(x) = −U exp(−x
6/a6), depth U = 12 and width a =
1/2. The separation between wells in V (x) is given by
d = 2.5. The frequency Ω was set to 1, its specific value,
as long as it remains of the order of 1, does not affect
qualitatively the phenomena described below. The result
of the action of the symmetry operators introduced above
on these states can be written as
αˆ1|i±〉 = |i∓〉, αˆ2|i±〉 = |i±〉, αˆ3|i±〉 = |i∓〉 (2)
(note that kets |i±〉 are not eigenstates of H0 anymore).
The imposed symmetries imply that the x−projections
of the mean spins of the lower and upper modes, Sxi =
〈i±|σx|i±〉/2, are equal for both wells but have opposite
directions: Sx1 ≈ −0.4878, Sx2 ≈ 0.4693 for γ = 0.8 and
Sx1 ≈ −0.4584, Sx2 ≈ 0.4059 for γ = 1.5. Thus, each
such mode represents nearly pure state.
By neglecting the transitions to the continuous spec-
trum one can describe the evolution of any state by the
spinor
Ψ = e−iE0t
2∑
i=1
(ci−(t)|i−〉+ ci+(t)|i+〉) (3)
where E0 =
1
4
∑
ij εij and evolution of the column-vector
c = (c1−, c1+, c2−, c2+)T (here ”T” stands for transpose)
3is described by the system
i
dc
dt
= (H0 +Hδ)c + f sin(ωt)Vc. (4)
Here H0 = ∆diag(−1,−1, 1, 1),
∆ =
1
4
(ε22 + ε21 − ε12 − ε11)
describes dephasing of the lower and upper modes,
Hδ =diag(δ1σx, δ2σx) with δi = (εi2 − εi1)/2 is the 4× 4
block matrix describing Josephson tunneling of the states
between the wells due to nonzero energy difference. The
matrix V accounting for modulation has the form
V =
(
v1σz uσz + iwσy
uσz − iwσy v2σz
)
(5)
where vi = 〈i − |(V+ − V−)|i−〉 is the energy devia-
tion of the i−th state from the mean value ±∆, u =
〈1 − |(V+ − V−)|2−〉 describes the probability of transi-
tions between states residing in the same potential well,
while w = 〈1 − |(V− − V+)|2+〉 describes transitions be-
tween lower state in one well and upper state in other
well. The latter are termed here Josephson-Rabi tran-
sitions, since they simultaneously involve transitions be-
tween lower and upper energy levels and tunneling be-
tween potential wells. The coefficients v1,2, u, and w
are all real. The orthonormality of the modes |i±〉 im-
plies relatively small probability of the Rabi transitions
|1±〉 ↔ |2±〉 in comparison with Josephson-Rabi ones
|1±〉 ↔ |2∓〉, i.e. |u| ≪ |w|. In particular, in all cases
considered below |u/w| ∼ 10−3.
III. DYNAMICAL SUPPRESSION OF
TUNNELING
Dynamical suppression of tunneling is achieved when
modulation frequency ω and amplitude f are such that
single initial state, say |ψ〉 = |i−〉, remains single over
large time interval. This implies that no coupling with
other modes occurs. We refer to this case as to par-
tial suppression of tunneling. Full suppression of tun-
neling takes place when for an input in a form of su-
perposition of modes from both upper and lower levels,
|ψ〉 = c1−|1−〉 + c2−|2−〉 only the amplitudes ci−(t)
remain nonzero. Thus, the dynamical suppression of
tunneling within the framework of four-mode model (4)
is expected to be fully determined by its Floquet ex-
ponents λ (quasi-energies). Modulation frequencies, at
which Floquet exponents cross, correspond to suppres-
sion of tunneling of the respective states. In terms of
the full Schro¨dinger equation i∂Ψ/∂t = HΨ, with the
time-dependent Hamiltonian H , the dynamical suppres-
sion of tunneling can be quantified by the time-averaged
probability
P<(t) =
1
t
ˆ t
0
dt′
ˆ 0
−∞
dxΨ†(x, t′)Ψ(x, t′) (6)
of finding an atom at x < 0, where averaging is performed
over sufficiently long time interval. Specifically we have
chosen t = 1000 in all numerical simulations. For ru-
bidium atoms in the trap whose single-well width is 4µm
(this corresponds to a = 1/2 in the super-Gaussian model
used in our simulations), the dimensionless unit of time
corresponds to approximately 1 ms in the physical units.
Thus averaging is performed over approximately 1 s. Re-
spectively, the frequencies shown in all figures below are
measured in the units of 375.5 s−1.
If the initial state is localized in the left potential well,
the tunneling is suppressed and spinor remains localized
in the left well for almost all moments of time t′ < t for
P<(t) close to 1. If the system undergo periodic Joseph-
son or Josephson-Rabi oscillations, then P<(t) is close to
1/2.
We start with a general case of partial suppression of
tunneling for the lower modes. In Figs. 2(a),(b) we com-
pare dependencies of the Floquet exponents (panel a)
and time-averaged probability P<(t) to find atom in the
left well (panel b) on modulation frequency ω for mod-
erate SOC strength γ = 0.8. Clearly, peaks in time-
averaged probability indicating on suppression of tunnel-
ing correspond to the crossing of two Floquet exponents
[schematic zooms in panel (a) highlight these crossings].
There is infinite number of peaks occurring at progres-
sively decreasing ω values. The peaks in P<(t) depen-
dence on ω have finite ”width” δω(t) that we measure at
P< = 0.7 level. Obviously, δω(t) is determined by the an-
gle between Floquet exponent curves. The width of the
peaks become smaller with decrease of the frequency at
which peak occurs. Due to its definition δω(t) decreases
to zero at t→∞. Notice that frequencies corresponding
to peaks increase almost linearly with increase of the am-
plitude of modulation f , but the width of peaks is weakly
affected by this amplitude.
While the agreement between four-mode and contin-
uous models is practically exact for small amplitudes of
modulation f , for moderate f values the mismatch of
a few percents is possible. This is a peculiarity of the
time-varying Hamiltonian resulting in limitations of the
four-mode model, which does not account for the contin-
uous spectrum. Indeed, the amplitude f = 0.143 used in
Fig. 2 corresponds to variations of the potential depths
that are sufficiently large to locally increase the number
of bound states in the potential at instants of its maximal
deformations (i.e. at ωt = pi/2 + pin). In the basis |i±〉
used for derivation of (4) this means that the continuous
spectrum also becomes excited that leads to the increase
of the frequency of oscillations as compared with four-
mode model (4). Nevertheless, four-mode model gives
qualitatively correct and quantitatively accurate predic-
tions in all the cases reported here.
One of our central results is that strength of SOC dras-
tically affects suppression of tunneling and it can lead to
strong broadening of peaks in the dependence of P<(t)
on ω. Such broadening occurs close to the point, where
energy levels in a given pair become degenerate, a SOC-
4FIG. 2. Floquet exponents λ (a),(c) and time-averaged prob-
ability P< at t = 1000 (b),(d) versus modulation frequency
ω. Panels (a),(b) correspond to γ = 0.8, panels (c),(d) cor-
respond to γ = 1.5. The input state is the mode |1−〉. The
red arrows indicate the width of the main tunneling suppres-
sion peak defined at the P<(T ) = 0.7 level. In panel (a) the
schematic zoom shows the crossing of the Floquet exponents
where localization of the state |1−〉 occurs. Zooms in panel
(c) show the crossing points at which full localization of super-
positions of the states |1−〉 and |2−〉 is possible. In all cases
f = 0.143. To increase visibility of close curves we use dif-
ferent colors. Regions plotted with magenta color correspond
to coincidence of quasi-energies as a result of degeneracy of
lower energy levels.
induced phenomenon that was previously encountered in
lattices [15, 16]. In a generic situation for realistic poten-
tials the collapse of lower and upper pairs of energy levels
occurs at very different SOC strengths [Fig. 3(a)], i.e. in
our case lowest levels collapse (ε11 = ε12) at γ ≈ 1.5.
In this case δ1 = 0 and the states |1±〉 become exact
eigenstates of H0. Thus, even in the absence of modula-
tion these lower states remain localized in the respective
wells (at the same time the states from upper levels do
experience tunneling). This static suppression of tun-
neling of lower levels occurs only due to the SOC and
is preserved for almost all frequencies in the dynamical
regime [see Figs. 2(c),(d)]. In Fig. 2(c) one observes al-
most complete overlap of pairs of Floquet exponents, cor-
responding to plateaus in P<(t) vs ω dependence. How-
ever, quasi-energies split in the vicinity of the center,
λ = 0, and at the boundaries, λ = pi, of the ”Brillouin
zone”. Precisely in these points one observes delocaliza-
tion, manifested in narrow dips in P<(t) curve [Fig. 2(d)].
These dips limit the width of the frequency domain δω,
where effective suppression of tunneling occurs. Figure
3(b) shows the width of this domain (defined for right
outermost peak) as a function of SOC strength γ. Nearly
ten-fold broadening of the frequency interval where tun-
neling is suppressed is obvious. Similar dependence can
be obtained for the excitation of only upper levels, but
peak will be located at γ = 1.
FIG. 3. (a) Modulus of the energy difference for lower and
upper levels versus SOC strength. (b) The full width of the
frequency domain in which suppression of tunneling occurs as
a function of γ at f = 0.143.
We emphasize that Fig. 3 represents a summary of the
results obtained for different values of SOC in indepen-
dent numerical runs (thus applicable to independent ex-
perimental settings), rather than for the adiabatic time
variations of γ. Even though variation of γ in time may
cause heating, in principle, the experiments exist, where
this problem does not appear. For estimate one can use
γ = kSO/k, where ~k is the linear momentum of the
atom, and kSO is the characteristic wavenumber defin-
ing SOC strength. In the experiment of Ref. [18] with
rubidium atoms, where k can be estimated as 0.2µm−1
corresponding to a trap with average frequency 2pi × 60
Hz, the quantity kSO was varying between 0 and 4.9µm
−1
within 100 ms time interval without noticeable heating.
Therefore, SOC range covered in this experiment greatly
exceeds the range shown in Fig. 3.
Restoration of tunneling occurs at frequencies [centers
of the dips in Fig. 2(d)], corresponding to resonant transi-
tions between the lower and upper states localized in the
left and right wells, respectively. Such transitions are
possible due to spinor character of our system. At such
frequencies Josephson-Rabi oscillations occur. In terms
of dynamical system (4) this is the case of the parametric
resonance occurring at frequencies ω = ∆,∆/2, ... that
do not depend on modulation amplitude f (hence, by
changing f one can shift frequencies at which tunneling is
suppressed, and one can control the width of correspond-
ing frequency intervals with SOC strength γ, but these
intervals remain limited due to resonant transitions). In-
5deed, neglecting u (as explained above) and setting, for
example, ω = ∆, one can look for a solution of (4) in
the form cj±(t) = exp
[
(−1)j∆t
]
c˜j±(t) where c˜j±(t) are
functions, slowly varying on the period 2pi/ω. Averag-
ing over fast oscillations yields c˜(t) =
∑
n αnc˜
(n)eiνnt/2
with four frequencies νn = ±[δ2 ± (δ
2
2 + f
2w2)1/2]/2
(n = 1, ..., 4) determining excitations of all four modes,
since αn = (c˜
(n))†c(t = 0) 6= 0, where c˜(n) is the or-
thonormal basis.
Figure 2(c) illustrates the possibility of the full sup-
pression of tunneling. In a general case with four-level po-
tential and arbitrary SOC strength such supression is im-
possible, because it would require simultaneous crossing
of two pairs of quasi-energies. However, if SOC strength
is such that there exists degeneracy of one pair of en-
ergy levels (e.g. at γ = 1.5 in our case), full localization
can be achieved because one needs to realize crossing
of only two Floquet exponents due to temporal modula-
tion. In the case γ = 1.5 this situation is encountered
at ω ≈ 1.165 in terms of the four-mode model [Fig. 2(c)]
and at ω ≈ 1.185 in the original continuous model. In
this case the qbit state c1|1±〉+ c2|2±〉 remains dynam-
ically localized in the left (”−”) or right (”+”) potential
wells even though it combines modes from both upper
and lower levels.
The frequencies of Josephson-Rabi transitions (de-
scribed by elements w in the four-mode model) are deter-
mined by the potential and do not depend on the ampli-
tude f of its modulation. In contrast, crossing of quasi-
energies is controlled by the frequency ω and amplitude
f of modulation. This allows to adjust f to achieve co-
incidence of the frequency of Josephson-Rabi transitions
with frequency of crossing of quasi-energies. When this
happens, the respective peak of the localization curve
splits into two peaks due to appearance of a narrow delo-
calization region, where tunneling is enhanced [Fig. 4(a)].
In this region tunneling occurs only due to the transitions
|1±〉 ↔ |2∓〉, i.e. it is accompanied by the spin flip of the
system. Localization of spin in one potential well corre-
sponding to the red dot in the maximum of P<(t) curve
is shown by curve 1 in Fig. 4(b), while spin-flipping due
to the Josephson-Rabi oscillations corresponding to the
red dot in the minimum of P<(t) is shown by curve 2. We
observe that the flipping occurs through the mixture of
states induced by periodic modulations: only Sx is chang-
ing, while other two mean projections remain nearly zero
|Sy,z| ≪ 1/2.
IV. ON EFFECT OF WEAK NONLINEARITY
Finally, we addressed the impact of weak inter-atomic
interactions on dynamical suppression of tunneling. The
respective results can be viewed as a suppression of tun-
neling of a SO-BEC which solves the Gross-Pitaevskii
equation
i
∂Ψ
∂t
= HΨ+ g(Ψ†Ψ)Ψ (7)
FIG. 4. (a) Time-averaged probability P< versus modula-
tion frequency ω for γ = 0.8 at t = 1000. (b) Evolution of
x−projections of the spin for frequencies marked by the red
dots in the localization curve in panel (a), ω = 0.652 (curve
1) and ω = 0.640 (curve 2). Sy,z are close to zero and are
shown for one frequency only. The input state is |1−〉. In all
cases f = 0.0774.
in which the nonlinearity coefficient g describes inter-
atomic interactions. Now P<(ω) acquires the meaning of
the total number of atoms localized in the domain x < 0
(i.e., as a matter of fact in the left potential well). When
SOC strength γ is far from the value at which collapse of
energy levels occurs, the effect of dynamical suppression
is strongly sensitive to nonlinear interactions. Already
for small values of |g| ∼ 0.02 both attractive and re-
pulsive interactions lead to noticeable broadening of all
peaks in P<(ω) dependence, i.e. in this regime the inter-
actions favor suppression of coupling independently of its
sign [compare panels (a) and (b) in Fig. 5]. For small |g|
values main peak broadens nearly by the same factor for
both attractive and repulsive interactions. However, al-
ready at g ∼ 0.2 repulsive interactions lead to appearance
of broad frequency intervals, where coupling is enhanced,
while for attractive nonlinearity g ∼ −0.2 it is suppressed
practically for all modulation frequencies. In contrast,
when SOC strength is close to the value at which cross-
ing of energy levels occurs, i.e. γ = 1.5, coupling remains
suppressed even for relatively strong repulsive interac-
tions with g ∼ 0.2. Such nonlinearity, however, substan-
tially affects frequency values at which P<(ω) acquires
minimal values (i.e. coupling is enhanced).
V. CONCLUSIONS
In this paper we studied dynamics of a spin orbit atom
in a double well trap with out-of-phase oscillating depths
of the potential wells. Some results are also presented
for interacting spin-orbit coupled Bose-Einstein conden-
sates. The explored configurations of the potential cor-
respond to symmetric potential wells, each of which sup-
6FIG. 5. (a) Time-averaged number of condensed atoms P<
versus modulation frequency ω at γ = 0.8, f = 0.143, and
t = 1000 in the presence of weak attractive g = −0.02 (a)
or repulsive g = +0.02 (b) interactions (red curves). Black
curves in both panels correspond to g = 0 and are shown to
stress broadening of peaks caused by nonlinear interactions.
The input state is |1−〉.
ports two eigenstates when it is isolated. We have found
different types of evolution. They include partial dynam-
ical suppression of tunneling for a single input state, as
well as full suppression characterized by simultaneous lo-
calization of two different input states in a single well.
Full suppression of tunneling is a result of simultaneous
action of two different effects: energy levels crossing in
static potential and crossing of the Floquet exponents
(quasi-energies) in the modulated potential.
It was shown that by tuning strength of the spin-orbit
coupling one can drastically expand frequency domains
where suppression of tunneling is possible. We have com-
pared the four-mode discrete model with the original
continuous one, and found good qualitative agreement,
however with appreciable (of the order of a few percents)
quantitative differences in the resonant frequencies.
The reported system allows to implement controlled
localization of a qbit in one potential well, that can be
used to manipulate switching of the average spin between
potential wells or to design a pseudo-spin splitter for sin-
gle atoms as well as for spin-orbit coupled Bose-Einstein
condensates. Suppression of tunneling for SOC atoms in
periodic potentials and its interplay with Landau-Zener
tunneling is also among potential extensions of the results
reported here.
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